
Liouville type theorems for elliptic equations
with gradient terms
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Abstract. In this paper we obtain Liouville type theorems for nonneg-
ative supersolutions of the elliptic problem −∆u + b(x)|∇u| = c(x)u in
exterior domains of RN . We show that if lim infx→∞ 4c(x) − b(x)2 > 0
then no positive supersolutions can exist, provided the coefficients b
and c verify a further restriction related to the fundamental solutions
of the homogeneous problem. The weights b and c are allowed to be
unbounded. As an application, we also consider supersolutions to the
problems −∆u + b|x|λ|∇u| = c|x|µup and −∆u + beλ|x||∇u| = ceµ|x|up,
where p > 0 and λ, µ ≥ 0, and obtain nonexistence results which are
shown to be optimal.
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1. Introduction

It is well-known that nonexistence results for positive solutions of some non-
linear elliptic equations in RN are very important in the study of nonlinear
partial differential equations. As outstanding applications, they are used for
instance to obtain a priori bounds for positive solutions (cf. [16]) or in the
analysis of isolated singularities of such solutions, [22]. Most results of this
type are related to the model equation

−∆u = up in RN (1.1)
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(cf. [15]) and its generalizations. Let us mention the works [2], [4], [5], [6], [9],
[10], [11], [13], [14], [18], [19], [21] and [26], where the question of nonexistence
of positive solutions has been considered for various differential operators
other than the Laplacian and more general nonlinearities than the power.
We also refer to the book [27] and the survey [20].

A very general nonexistence result for a related problem has been re-
cently obtained in [3]. It is shown there, among other things, that the differ-
ential inequality

−Qu ≥ f(u) in RN \BR0

where N ≥ 3 and Q is a fully nonlinear operator does not admit positive
viscosity solutions provided that f is continuous and positive in (0,∞) and
lim infs→0+ f(s)/s

N
N−2 > 0. When transferred to the model problem (1.1),

this means that there do not exist positive supersolutions to the equation
−∆u = up in the range 0 < p ≤ N

N−2 , not only when the equation is set in
all of RN , but also when it is considered in exterior domains.

The analysis in [3] relies on a Hadamard type property for solutions
of the inequality −Qu ≥ 0, which strongly depends on the homogeneity of
the operator Q, that is, Q(λu) = λQ(u) for λ ∈ R+ (cf. also [13] for this
property in the context of fully nonlinear operators). Hence the presence of
a nonhomogeneous term in the differential operator, depending for instance
on the gradient, might change in principle this regime of nonexistence of
supersolutions. This has actually been shown in [1], where the problem

−∆u + |∇u|q ≥ f(u) in RN \BR0 (1.2)

with q > 1 was studied. The reference situation there was f(u) = up, p > 0.
It is natural then to ask what happens with problem (1.2) when q = 1,

so that the operator is homogeneous again but a gradient term is present. As
a model equation consider

−∆u + |∇u| ≥ λup in RN \BR0 , (1.3)

where N ≥ 1, p > 0 and λ > 0. Related problems have been studied in [11]
and [12]. However, the results obtained there cannot be applied to problem
(1.3) when p 6= 1.

Our approach to (1.3) relies in the critical case p = 1. Some previous
work has been done for instance in [7] and [8], where it has been shown that
if b, c ∈ C(RN ), the problem

−∆u + b(x)∇u ≥ c(x)u in RN

does not admit any positive solution provided that b and c are bounded and

lim inf
x→∞

4c(x)− |b(x)|2 > 0. (1.4)

It is worth mentioning that these nonexistence results are a consequence of
the study of eigenvalue problems in RN .
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A generalization of these theorems to the framework of fully nonlinear
elliptic operators has been recently obtained in [24]. As a particular case, it
follows that if b, c are bounded in RN \BR0 and (1.4) holds, then the problem

−∆u + b(x)|∇u| ≥ c(x)u in RN \BR0 (1.5)

does not admit positive solutions.

Thus our intention in the present work is to prove the nonexistence
of positive supersolutions of (1.5) for more general unbounded weights b
and c. As a byproduct, we will also be able to completely analyze the issue
of existence/nonexistence of supersolutions of (1.3), thereby completing the
analysis in [1].

One remarkable property of problem (1.5) is that the presence of the
gradient term allows in principle the existence of supersolutions which blow
up at infinity, that is,

lim
x→∞

u(x) = +∞.

Therefore to be more concrete in our analysis of nonexistence we will distin-
guish between supersolutions which blow up at infinity and those which do
not.

Let us comment that the proof of our nonexistence results follows earlier
works (cf. for instance [13]), since it depends on properties of the function
m(R) = inf |x|=R u(x). However, the corresponding Hadamard type properties
for supersolutions are not enough to complete the analysis since the funda-
mental solutions of the homogeneous equation are typically of exponential
growth at infinity, and a slightly different approach must be used. Let us
mention that this approach is completely different from that in [24].

We come now to the statement of our main results. Throughout the
paper, we are always dealing with classical supersolutions, that is, functions
u ∈ C2(RN \ BR0) verifying the corresponding inequality pointwise in RN \
BR0 .

Observe that, by replacing b(x) with b̃(x) = sup|y|=|x| b(y), we can al-
ways assume that b is radially symmetric, since a function u verifying (1.5)
also verifies −∆u + b̃(x)|∇u| ≥ c(x)u. Also, set h(r) = b(r) + 2/r when
N = 1, 2 and h(r) = b(r) for N ≥ 3. For some R1 > R0 define

Φ(R) =
∫ ∞

R

1
sN−1

e
− ∫ s

R1
h(τ)dτ

ds

and

Φ̃(R) =
∫ R

1

1
sN−1

e
∫ s

R1
h(τ)dτ

ds.

These functions are solutions of the equation −∆v + h(|x|)|∇v| = 0 in RN \
BR0 . They will be determinant in obtaining our results. We remark that we
replace b by h when N = 1 or 2 in order to have the fundamental solution Φ
to be well-defined in those cases.
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Theorem 1.1. Let b, c ∈ C(RN \ BR0) verify (1.4). Assume the following
condition is satisfied: there exists θ > 1 and a sequence Rn → ∞ such that
for every sequence xn with |xn| = θRn:

lim
n→∞

1
R2

n infBRn (xn)(4c− b2)
log

(
Φ(θRn)

Φ((θ + 1)Rn)

)
<

1
8N

.

Then there are no classical positive supersolutions to (1.5) which do not blow
up at infinity.

If, similarly, there exists θ′ > 1 and a sequence R′n → ∞ such that for
every sequence x′n with |x′n| = θ′R′n we have:

lim
n→∞

1
(R′n)2 infBR′n (x′n)(4c− b2)

log

(
Φ̃(θ′R′n)

Φ̃((θ′ − 1)R′n)

)
<

1
8N

,

then there are no classical positive supersolutions to (1.5) which blow up at
infinity.

We next consider some particular examples where weights of potential
or exponential type are involved.

Corollary 1.2. Let b > 0, c ∈ R and λ, µ > 0. When µ > 2λ and c > 0 or
µ = 2λ and 4c− b2 > 0, the problem

−∆u + b|x|λ|∇u| ≥ c|x|µu in RN \BR0

does not admit any positive supersolution. In the remaining cases, a positive
supersolution can always be constructed for suitably large R0.

Corollary 1.3. Let b > 0, c ∈ R and λ, µ > 0. When µ > 2λ and c > 0 or
µ = 2λ and 4c− b2 > 0, the problem

−∆u + beλ|x||∇u| ≥ ceµ|x|u in RN \BR0

does not admit any positive supersolution. In the remaining cases, a positive
supersolution can be always constructed for suitable large R0.

Let us mention that the results in [12] can also be applied to deal with
both problems, but they turn out not to be optimal, since the condition for
nonexistence there reads as c− 3eb2 > 0 when µ = 2λ, which is not optimal.

These results on the homogeneous case will be used to deal with two
slight generalizations of problem (1.3), namely

−∆u + b|x|λ|∇u| ≥ c|x|µup (1.6)

and
−∆u + beλ|x||∇u| ≥ ceµ|x|up (1.7)

where b > 0, c ∈ R and λ, µ ≥ 0. We refer to Section 5 for statements and
related proofs.

As a final comment, we would like to say that most of our proofs can
be adapted to obtain similar results for some more general operators of fully
nonlinear type, that is, inequalities of the form −Qu + b(x)|∇u| ≥ c(x)u in
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RN \ BR0 , where Q is uniformly elliptic and rotationally invariant. For in-
stance, the cases where Q is the p−Laplacian ∆p or a Pucci maximal operator
M±

λ,Λ can be considered.

The rest of the paper is organized as follows: in Section 2 we gather
some preliminary properties of the function m(R) = inf |x|=R u(x). Section 3
deals with the Hadamard type property regarding the function m(R), while
Section 4 is dedicated to the proof of Theorem 1.1 and Corollaries 1.2 and
1.3. In the final Section 5, problems (1.6) and (1.7) are considered.

2. Some preliminaries

In this section we collect some preliminary properties which will be needed in
proving Theorem 1.1 in Section 4. If u is a solution to (1.5), we first consider
some properties of the continuous function

m(R) = min
|x|=R

u(x), (2.1)

which is defined for R > R0. By means of the strong maximum principle in
[23] (cf. equation (1.1.9) in Chapter 1 and Chapter 5), we have that m(R)
is either identically zero (in which case u ≡ 0) or strictly positive. Hence we
may assume throughout that m is strictly positive.

We first establish a slight variation of Lemma 5 in [1]. Although it is
stated there for functions verifying −∆u + |∇u|q ≥ 0 and q > 1, it is easily
seen that its proof carries over to the case q = 1 and with continuous weights
as well. We do not include the full proof but we just sketch it.

Lemma 2.1. Let u ∈ C2(RN \ BR0) be a positive function verifying −∆u +
b(x)|∇u| ≥ 0 in RN \BR0 , where b is continuous and nonnegative. Then there
exists R1 > R0 such that m(R) is monotone for R > R1.

Sketch of the proof. For R2 > R1, and applying the comparison principle
(which holds by Theorem 3.5.1 in [23]) in the annulus A(R1, R2) = {x ∈
RN : R1 < |x| < R2}, we obtain that infA(R1,R2) u = min{m(R1),m(R2)}.
Thus the function min{m(R1), m(R2)} is increasing in R1 and decreasing in
R2, so it cannot have a local minimum. The conclusion follows. ¤

The next result is a variant of Lemma 6 in [1]. Its proof is based on a
tool introduced in [13] and refined in [14].

Lemma 2.2. Let u ∈ C2(RN \BR0) be a positive solution of (1.5) in RN \BR0

and m(R) be given by (2.1). Assuming

lim
x→∞

b(x)
|x|c(x)

= 0, lim
x→∞

1
|x|2c(x)

= 0, (2.2)

then either
(a) m(R) is decreasing for large R and it converges to zero as R →∞ or
(b) m(R) is increasing for large R and it diverges to infinity as R →∞.
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Remark 2.3. Observe that the condition lim infx→∞ 4c(x)−b(x)2 > 0 implies
(2.2). Indeed, if 4c(x)− b(x)2 ≥ 4η2 for large |x| then b(x) ≤ 2

√
c(x), c(x) ≥

η2, so that

b(x)
|x|c(x)

≤ 2
|x|

√
c(x)

≤ 2
η|x|

1
|x|2c(x)

≤ 1
η2|x|2 ,

hence both limits are zero.

Proof of Lemma 2.2. Notice first that, when m is unbounded, it follows from
Lemma 2.1 that m is increasing for large R and then limR→+∞m(R) = +∞.
Thus we may assume for the rest of the proof that m is bounded.

Choose a cut-off function φ ∈ C∞0 (R) such that φ = 0 in (0, 1) ∪ (4,∞)
and φ = 1 in [2, 3]. For large R consider the function

v(x) = u(x)−m(2R)φ
( |x|

R

)
.

Notice first that v > 0 in BR \ R0 and in RN \ B4R. Since there obviously
exists a point xR with |xR| = 2R and u(xR) = m(2R) (so that v(xR) = 0)
we conclude that v achieves a nonpositive minimum at some point yR with
R ≤ |yR| ≤ 4R. Thus ∇v(yR) = 0, ∆v(yR) ≥ 0, so that

c(yR)u(yR) ≤ −∆u(yR) + b(yR)|∇u(yR)|

≤ −m(2R)
R2

∆φ

( |yR|
R

)
+

m(2R)
R

b(yR)
∣∣∣∣∇φ

( |yR|
R

)∣∣∣∣

≤ Cm(2R)
(

1
R2

+
b(yR)

R

)

for some positive constant C which only depends on φ. Since u(yR) ≥
minR≤|x|≤4R u(x) = min{m(R),m(4R)}, it follows that

min{m(R),m(4R)} ≤ Cm(2R)
(

1
R2c(yR)

+
b(yR)

Rc(yR)

)
. (2.3)

According to (2.2) and since m is bounded, the right-hand side of this in-
equality tends to zero as R →∞. Hence m(R) → 0 as R → +∞ and we also
obtain from Lemma 2.1 that m(R) is decreasing for large R. This concludes
the proof. ¤

Remark 2.4. It is worth noticing that conditions (2.2) are important in order
that Lemma 2.2 holds. To ilustrate this, just consider the function u(x) =
tanh |x|, for which m(R) is increasing and bounded, yet it does not converge
to zero. It verifies

−∆u + b(|x|)|∇u| = c(|x|)u,

where c(r) is arbitrary and b(r) = c(r) sinh r cosh r + 2 tanh r + N−1
r . It is

easily checked that, even if c verifies the second condition in (2.2), the first
one does not occur.
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3. The Hadamard property

Next let us deal with the so-called Hadamard property for supersolutions
of −∆u + b(x)|∇u| = 0 in exterior domains. The key point is the existence
of “fundamental solutions” for a majorant equation. We will see that there
actually are two positive fundamental solutions. Let h(r) = 2

r + b(r) for
N = 1, 2, h(r) = b(r) if N ≥ 3 and define for large fixed R1:

Φ(R) =
∫ ∞

R

1
sN−1

e
− ∫ s

R1
h(τ)dτ

ds (3.1)

and

Φ̃(R) =
∫ R

1

1
sN−1

e
∫ s

R1
h(τ)dτ

ds (3.2)

(cf. [11] for related fundamental solutions). The first of these functions is
clearly well defined for N ≥ 3, while for N = 1, 2 we have

1
sN−1

e
− ∫ s

R1
h(τ)dτ ≤ 1

sN−1
e−2 log(s/R1) ≤ R2

1

sN+1

since h(r) ≥ 2/r, and the integral is finite. It is then not hard to check that
both functions are solutions of the equation −∆v+h(|x|)|∇v| = 0 in RN \{0}.
By means of comparison with suitable modifications of these solutions we
achieve the next important result.

Theorem 3.1. Let u ∈ C2(RN \BR0) verify −∆u+b(x)|∇u| ≥ 0 in RN \BR0 .
If u does not blow up at infinity, then for large R1 > R0 the function

m(R)−m(R1)
Φ(R)− Φ(R1)

is nondecreasing for R > R1. When u blows up at infinity, the function
m(R)−m(R1)

Φ̃(R)− Φ̃(R1)
is nonincreasing for R > R1.

Proof. We only prove the first part, the second part is similar. Observe that,
when u does not blow up at infinity, m(R) is decreasing for large R by Lemma
2.2. If we define, for R2 > R1 À R0, the function

Ψ(x) =
m(R2)−m(R1)
Φ(R2)− Φ(R1)

(Φ(|x|)− Φ(R1)) + m(R1),

it easily follows that the coefficient multiplying Φ(|x|) is positive, hence Ψ
verifies −∆Ψ + h(|x|)|∇Ψ| = 0 in the annulus A(R1, R2) = {x ∈ RN : R1 <
|x| < R2}.

On the other hand, the function u clearly verifies −∆u+h(|x|)|∇u| ≥ 0
in A(R1, R2), together with u ≥ Ψ on ∂A(R1, R2). By comparison we obtain
that u ≥ Ψ in A(R1, R2). Choosing x with |x| = R ∈ (R1, R2) yields

m(R)−m(R1)
Φ(R)− Φ(R1)

≤ m(R2)−m(R1)
Φ(R2)− Φ(R1)

(3.3)

(observe that Φ(R)− Φ(R1) < 0) as we wanted to show. ¤
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As a corollary of this property we obtain the monotonicity of the func-
tion m(R)/Φ(R), and a similar property for m(R)/Φ̃(R).

Corollary 3.2. Let u ∈ C2(RN \ BR0) verify −∆u + b(x)|∇u| ≥ 0 and as-
sume that u does not blow up at infinity. Then the function m(R)/Φ(R) is
nonincreasing. In particular, for every γ ∈ (0, 1) we have

m(γR)
m(R)

≤ Φ(γR)
Φ(R)

(3.4)

for R > R0.

Proof. Take R > R1 > R0. According to Lemma 2.2, m(R) → 0 as R →∞,
so we can let R2 →∞ in (3.3) of Theorem 3.1 to obtain:

m(R)−m(R1)
Φ(R)− Φ(R1)

≤ m(R1)
Φ(R1)

.

This can be rewritten as
m(R1)
Φ(R1)

≤ m(R)
Φ(R)

,

so that the function m/Φ is nondecreasing. ¤

Corollary 3.3. Let u ∈ C2(RN \BR0) verify −∆u+ b(x)|∇u| ≥ 0 and assume
that u blows up at infinity. Then for every γ > 1 there exists a constant C > 0
such that

m(γR)
m(R)

≤ C
Φ̃(γR)

Φ̃(R)
(3.5)

for R > R0.

Proof. By Theorem 3.1 we have for large enough R1:

m(γR)−m(R1)

Φ̃(γR)− Φ̃(R1)
≤ m(R)−m(R1)

Φ̃(R)− Φ̃(R1)
.

On the other hand, since m(R) → ∞ we have m(γR) − m(R1) ≥ 1
2m(γR)

for large enough R, and also Φ̃(R)− Φ̃(R1) ≥ 1
2 Φ̃(R). Thus

m(γR)

Φ̃(γR)
≤ 4

m(R)

Φ̃(R)

if R is sufficiently large. Then (3.5) holds for R > R0 for a suitable constant
C (depending on γ). ¤

4. Proof of the main results

This section is dedicated to the proof of our results. We will only prove the
first part of Theorem 1.1, since the arguments to prove the second part are
entirely similar (the only significative difference is that Corollary 3.3 replaces
Corollary 3.2).
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Proof of Theorem 1.1. We first observe that the condition lim infx→∞ 4c(x)−
b(x)2 > 0 implies (2.2) in Lemma 2.2 (cf. Remark 2.3). Thus, according to
Lemma 2.2, if u is a supersolution which does not blow up at infinity then
m(R) is decreasing for large R and m(R) → 0.

Setting v = log u we easily see that v verifies −∆v + b(x)|∇v|− |∇v|2 ≥
c(x) in RN \ BR0 . Since b(x)|∇v| − |∇v|2 ≤ b(x)2

4 , we obtain that −∆v ≥
c(x)− b(x)2

4 in RN \BR0 .
Let θ > 1 and Rn → ∞ as in our hypothesis. For every n, there exists

xn with |xn| = θRn and such that u(xn) = m(θRn). Observe that BRn(xn) ⊂
RN \R0 for large n, so we can define

ν(Rn) = inf
BRn (xn)

c(x)− b(x)2

4
> 0,

and then −∆v ≥ ν(Rn) in BRn
(xn). Denoting M(R) = log m(R), we next

consider the function

U(x) = −ν(Rn)
2N

(|x− xn|2 −R2
n) + M((θ + 1)Rn),

which verifies −∆U = ν(Rn) in BRn
(xn), U = M((θ + 1)Rn) on ∂BRn

(xn).
Observe that ∂BRn(xn) ⊂ B(θ+1)Rn

, hence using that M(R) is decreasing
for large R, we obtain v ≥ U on ∂BRn(xn).

By comparison we arrive at v ≥ U in BRn(xn). Taking x = xn:

M(θRn) ≥ ν(Rn)
2N

R2
n + M((θ + 1)Rn).

On the other hand, using Corollary 3.2 with γ = θ
θ+1 and R replaced by

(θ + 1)Rn, we arrive at

M(θRn)−M((θ + 1)Rn) ≤ log
(

Φ(θRn)
Φ((θ + 1)Rn)

)
.

Hence
ν(Rn)
2N

R2
n ≤ log

(
Φ(θRn)

Φ((θ + 1)Rn)

)

for all sufficiently large n, which is a contradiction to our hypothesis. This
concludes the proof. ¤

Next we will give the proofs of nonexistence for the model problems
with potential and exponential weights. Most of them is a direct application
of Theorem 1.1.

Proof of Corollary 1.2. In this particular example b(x) = b|x|λ, c(x) = c|x|µ.
Thus it is apparent that the condition lim infx→∞ 4c(x) − b(x)2 > 0 holds
provided that µ > 2λ or µ = 2λ and 4c− b2 > 0.

Choose θ > 1 arbitrary. If R > 0 is large and x0 verifies |x0| = θR, since
|x| ≥ (θ − 1)R in BR(x0), we obtain that ν(R) ≥ CRµ for large R, where C
is a positive constant.
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On the other hand, the fundamental solution Φ(R) is given by

Φ(R) =
∫ ∞

R

1
sN+1

e−
b

λ+1 sλ+1
ds

and it is easily seen by l’Hôpital’s rule that Φ(R) ∼ b−1R−λ−N−1e−
b

λ+1 Rλ+1

as R →∞. Therefore

log
(

Φ((θ + 1)R)
Φ(θR)

)
≤ C +

b

λ + 1
(
(θ + 1)λ+1 − θλ+1

)
Rλ+1

for large R, where C is another positive constant, not necessarily the same
one as before. It follows that

lim
R→∞

1
R2ν(R)

log
(

Φ((θ + 1)R)
Φ(θR)

)
= 0.

Hence Theorem 1.1 applies and we conclude the nonexistence of positive
supersolutions which do not blow up at infinity.

On the other hand, it is not hard to show that the second fundamental
solution Φ̃(R) behaves for large R as b−1R−λ−N−1e

b
λ+1 Rλ+1

, so that the hy-
potheses of the second part of Theorem 1.1 hold as before and we conclude
that no positive supersolutions which blow up at infinity exist either.

The existence of supersolutions in the remaining cases is easy to estab-
lish. Observe first that if c ≤ 0 then positive constants are supersolutions.
When c > 0 we look for supersolutions of the form u = e−α|x|λ+1

for α > 0
to be chosen. After some algebra we find that it suffices to have

−α2(λ + 1)2 + (N − 1 + λ)α|x|−λ−1 + bα(λ + 1) ≥ c|x|µ−2λ

for large |x|. When µ < 2λ this is implied by −α2(λ + 1)2 + bα(λ + 1) > 0,
which is certainly true if α is small enough since b > 0. If µ = 2λ we need

−(α(λ + 1))2 + b(α(λ + 1))− c ≥ 0

which also holds for some positive α when 4c− b2 ≤ 0. ¤

Proof of Corollary 1.3. The proof is much the same as that of Corollary 1.2,
except that now b(x) = beλ|x|, c(x) = ceµ|x|. Observe that the condition
lim infx→∞ 4c(x)− b(x)2 > 0 holds under the same hypotheses on λ, µ, b and
c. In particular, ν(R) ≥ Ceµ(θ−1)R for large R. Also, by l’Hôpital’s rule,

Φ(R) =
∫ ∞

R

1
sN+1

e−
b
λ eλs

ds ∼ 1
RN+1

e−
1
λ eλR−λR

as R →∞. Hence
1

R2ν(R)
log

(
Φ((θ + 1)R)

Φ(θR)

)
≤ Ceλ(θ+1)R

R2eµ(θ−1)R
+ o(1),

as R →∞. Choosing θ > 3 we find that the limit is zero, so that Theorem 1.1
can be applied and we conclude the nonexistence of positive supersolutions
which do not blow up at infinity. Like in Corollary 1.2, it is not hard to show
that the previous limit is also zero when Φ(R) is replaced by Φ̃(R).
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To prove the part of existence, we observe as before that only the case
c > 0 needs to be dealt with. We look for a supersolution of the form u =
e−αeλ|x|

for some suitable α > 0. It is needed that

−α2λ2 + bαλ ≥ ce(µ−2λ)|x|

which is certainly possible for small β and large |x| when µ < 2λ. In the case
µ = 2λ, provided that 4c − b2 ≤ 0, we can take α as one of the solutions of
the equation −α2λ2 + bαλ− c = 0. This concludes the proof. ¤

5. A further nonexistence result

In this final section, we will see how our previous results yield also nonexis-
tence of positive supersolutions for some nonhomogeneous equations. We will
consider first a slight generalization of the problem analyzed in Corollary 1.2,
namely:

−∆u + b|x|λ|∇u| ≥ c|x|µup in RN \BR0 (5.1)
where b > 0, c ∈ R, λ, µ ≥ 0 and p > 0. Some related problems have been
considered previously in the fully nonlinear setting in [12], but we stress that
their results do not apply to (5.1).

Theorem 5.1. Let b, c > 0, λ, µ ≥ 0 and assume λ < µ + 1. When 0 < p < 1,
problem (5.1) does not admit positive supersolutions which do not blow up
at infinity, while for p > 1 no positive supersolutions blowing up at infinity
exist.

Remark 5.2. When λ > µ + 1 and 0 < p < 1 (resp. p > 1) positive superso-
lutions not blowing up at infinity of the form u = A|x|−α (resp. blowing up
at infinity of the form u = A|x|α) can be constructed, for suitable A,α > 0.

It is also worth remarking that, when p > 1, supersolutions which do
not blow up at infinity can always be constructed in the form u = Ae−α|x| for
suitable A,α > 0, independently of the values of λ and µ. When 0 < p < 1,
supersolutions blowing up at infinity can also be constructed in the form
u(x) = Aeα|x|. Thus Theorem 5.1 is almost optimal.

Proof of Theorem 5.1. Let u be a positive supersolution with λ < µ + 1.
Proceeding as in Lemma 2.2 we obtain (cf. (2.3)) that there exists yR with
R < |yR| < 4R such that

min{m(2R),m(4R)}p≤ Cm(2R)
(

1
R2|yR|µ +

|yR|λ−µ

R

)

≤ Cm(2R)
(

1
R2+µ

+
1

Rµ−λ+1

)
≤ C

m(2R)
Rµ−λ+1

.

(5.2)

Assume first that 0 < p < 1 and u does not blow up at infinity, so that m(R)
is bounded and we have m(R) → 0. Hence Lemma 2.1 implies that m(R) is
decreasing for large R. Thus replacing R by R/2:

m(2R)p ≤ C
m(R)

Rµ−λ+1
(5.3)
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for some positive constant C and all large values of R. We can now iterate
this inequality to obtain a good upper bound for m(R), as in [1]. Observe
that (5.3) implies

m(2R) ≤ CR−γ0 ,

where γ0 = (µ − λ + 1)/p. Taking this inequality in (5.3), we get m(2R) ≤
CR−γ1 with γ1 = (γ0 + µ− λ + 1)/p. Proceeding inductively we find that

m(R) ≤ CR−γk

for every k ≥ 0, where γk = (γk−1 + µ− λ + 1)/p. Since 0 < p < 1, it follows
that γk →∞ as k →∞, so that m(R) ≤ CR−θ for every θ > 0 (observe that
we do not need to keep track of the constants appearing in each step, since
for a fixed value of θ we need only finitely many iterations).

Next, for R2 > R1 > R0 consider the problem



−∆v + b|x|λ|∇v| = c|x|µvp in R1 < |x| < R2

v = m(R1) on |x| = R1

v = m(R2) on |x| = R2.

Since u is a supersolution of this problem while u = m(R2) is a subsolution
with u ≥ u we find that the problem has a radial solution vR2 verifying
vR2 ≤ u.

In particular, this provides with local bounds for vR2 , so that it is stan-
dard (cf. [17]) to obtain that vR2 → v in C2

loc(RN \BR1), where v is a radial
solution of { −∆v + b|x|λ|∇v| = c|x|µvp in |x| > R1

v = m(R1) on |x| = R1

verifying v ≤ u. Hence v(R) ≤ m(R) ≤ CR−θ for every θ > 0. Thus

−∆v + b|x|λ|∇v| ≥ C|x|µ+θ(1−p)v in |x| > R1.

Choosing a large θ so that µ + θ(1 − p) > 2λ we can apply Corollary 1.2 to
reach a contradiction.

Next, let u be a positive supersolution blowing up at infinity with p > 1.
Since m(R) is now increasing by Lemma 2.1, we find from (5.2) that

m(R)p ≤ C
m(2R)
Rµ−λ+1

.

Iterating as before this yields m(R) ≥ CRθ for every θ > 0. This implies
u(x) ≥ C|x|θ for every θ and |x| > R0. Hence

−∆u + b|x|λ|∇u| ≥ C|x|µ+θ(p−1)u in |x| > R0,

and choosing θ large enough we obtain a contradiction with Corollary 1.2.
Thus no positive supersolutions blowing up at infinity can exist if p > 1. ¤

With similar methods, we can also deal with a related problem with
exponential weights, namely

−∆u + beλ|x||∇u| ≥ ceµ|x|up in RN \BR0 (5.4)
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for λ, µ ≥ 0 and p > 0. The proof is completely similar to that of Theorem
5.1, hence we will only sketch it, stressing the main differences.

Theorem 5.3. Let b, c > 0, λ, µ ≥ 0 and assume λ < µ. When 0 < p < 1,
problem (5.4) does not admit positive supersolutions which do not blow up
at infinity, while for p > 1 no positive supersolutions blowing up at infinity
exist.

Remark 5.4. A similar observation as in Remark 5.2 is in order. That is,
when λ > µ and 0 < p < 1 positive supersolutions not blowing up at infinity
can be constructed, while for p > 1 supersolutions which blow up also exist.

For p > 1, supersolutions which do not blow up at infinity can also be
constructed and for 0 < p < 1, supersolutions blowing up at infinity also
exist. This construction does not depend on the parameters λ and µ. All of
these supersolutions can be found in the form u(x) = Ae±α|x|, with A, α > 0.

Sketch of proof of Theorem 5.3. For small positive ε > 0, we choose a cut-
off function φ ∈ C∞0 (R) such that φ = 0 in (0, 1 − ε) ∪ (1 + 2ε,∞) and
φ = 1 in [1, 1 + ε]. Arguing as in the proof of Lemma 2.2 with v(x) =
u(x)−m(R)φ(|x|/R), we obtain

min{m((1− ε)R),m((1 + 2ε)R)}p ≤ Cm(R)e(λ−µ)(1−ε)R

for some positive C and large R. If u is a supersolution which does not blow
up at infinity with 0 < p < 1 and ε is chosen to satisfy p(1 + 2ε) < 1, we
obtain with an iteration as in Lemma 5.1 that m(R) ≤ Ce−θR for every
θ > 0. We conclude as in Lemma 5.1, by choosing θ large enough and using
Corollary 1.3.

If u is a supersolution which blows up at infinity with p > 1, it follows
that m(R) ≥ CeθR for every θ > 0 and the proof finishes as before. ¤
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