QUASILINEAR EQUATIONS WITH BOUNDARY
BLOW-UP AND EXPONENTIAL REACTION
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Abstract. We consider the quasilinear elliptic problem ∆p u =
a(x)eu in a smooth bounded domain Ω of RN , with u = +∞ on
∂Ω. Here ∆p u = div(|∇u|p−2 ∇u) is the p-Laplacian operator with
p > 1, and a(x) is a continuous positive weight function which can
be singular on ∂Ω. Our results include existence, uniqueness and
exact boundary behavior of solutions.
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1. Introduction
In this paper we consider the quasilinear boundary blow-up elliptic
problem
½
∆p u = a(x)eu
in Ω,
(1.1)
u = +∞
on ∂Ω,
where Ω is a smooth bounded domain of RN (N ≥ 2) and ∆p stands
for the p-Laplacian operator defined by ∆p u = div(|∇u|p−2 ∇u), p > 1.
The weight function a(x) is assumed to be continuous and positive in
Ω but we allow the possibility that a is singular on ∂Ω.
1,p
By a solution of (1.1) we mean a function u ∈ Wloc
(Ω) ∩ L∞
loc (Ω)
u
verifying ∆p u = a(x)e in Ω in the weak sense and taking the boundary
condition u = +∞ on ∂Ω in the sense that u(x) → +∞ when d(x) →
0+, where d(x) denotes the distance function dist(x, ∂Ω). We remark
1,η
that since u is locally bounded, standard regularity gives u ∈ Cloc
(Ω)
for some η ∈ (0, 1) (cf. [12], [26], [37]), and thus the boundary condition
makes full sense.
Quasilinear problems like (1.1), of the general form
½
∆p u = a(x)f (u)
in Ω,
(1.2)
u = +∞
on ∂Ω
for general nonlinearities f (u) have been considered very often in the
recent literature. We quote [11] as a starting point for problems with
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p-Laplacian: the questions of existence, uniqueness and boundary behavior of solutions when f (u) = uq , q > p − 1 were studied there.
After [11], some other authors have also considered boundary blow-up
problems for equations with the p-Laplacian. We mention for instance
[22], [23], [31], [32], [13], [14] and [18].
But it has been the particular case p = 2 the one which has attracted
more attention. See the pioneering works [3], [24] and [35], and also [1],
[2], [27], [25], [39], [30], [10], [19], [15], [16] and [17] for different types
of nonlinearities in the semilinear case.
Also in the semilinear case, the stress has been often put in the model
problems where f (u) = uq , q > 1 or f (u) = eu , focusing the attention
on the weight a(x). It has been allowed to vanish on ∂Ω (cf. [7], [8],
[28], [29], [15], [19], [17]) or to be singular on ∂Ω (see [33], [40], [4], [5],
[34]).
We finally mention the work [18] which, at the best of our knowledge,
is the first one to perform a systematic study for an equation involving
p-Laplacian and singular weights.
In this paper, we consider problem (1.1) under the hypothesis that
the weight function a(x) is a positive continuous function in Ω, which
verifies:
a(x) ∼ Q(x0 )d(x)−γ
as x → x0 , for every x0 ∈ ∂Ω, where γ < p and Q is a continuous
function in Ω which is strictly positive on ∂Ω. However, we observe
that the case γ < 0 is included in our assumption, being a = 0 on ∂Ω
in that case. Let us remark at this point that the growth rate of a(x)
needs not be constant. It is possible to let γ vary on ∂Ω, provided that
it is a Hölder continuous function which is bounded away from p on
∂Ω, as in [18]. But we are making the simplifying assumption that γ
is constant.
On the other hand, let us mention that it could be possible that a
vanishes at points inside Ω, requiring only the positivity in a neighborhood of ∂Ω. We again refer to [18] for this situation.
The tools employed in this paper are an adaptation of the corresponding ones for the semilinear case. There is however a notable exception: for the purposes of boundary estimates of solutions, we need
a uniqueness result for problem (1.1) in a half-space. When p = 2, this
result was obtained in [5], but we remark that the proof is essentially
linear, and thus there is no hope in adapting it for p 6= 2. This problem
was also present in [18], where a power nonlinearity was considered instead, but the proof does not seem to generalize, since uniqueness of
solutions for (1.1) in a half-space does not hold in general, unless a
growth condition is imposed on the solutions (see Section 2). Thus
our proof here is completely different and relies on the strong comparison principle. One of the advantages of this proof is that it can be
generalized to deal with some more general situations.
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We now state our main result. We assume for simplicity that the
function Q(x) giving the boundary behavior of a(x) is defined throughout Ω.
Theorem 1. Let a ∈ C(Ω) be a positive function in Ω and assume
there exists a function Q ∈ C(Ω) with Q(x) > 0 on ∂Ω and a real
number γ < p such that
lim d(x)γ a(x) = Q(x0 )

x→x0

for every x0 ∈ ∂Ω. Then problem (1.1) admits a unique weak solution
1,p
1,η
u ∈ Wloc
(Ω) ∩ Cloc
(Ω) for some η ∈ (0, 1), which in addition verifies
µ
¶
(p − 1)(p − γ)p−1
(1.3)
u(x) + (p − γ) log d(x) → log
Q(x0 )
as x → x0 , for every x0 ∈ ∂Ω.
Remark 1. It can be shown that condition γ < p is necessary for existence of blow-up solutions, since the upper inequality in (3.5) of Lemma
4 still holds in this case, and then solutions to the equation are bounded
when γ = p or verify u(x) → −∞ on ∂Ω when γ > p.
The paper is organized as follows: in Section 2 we consider the
uniqueness result for a version of problem (1.1) in a half-space, while
Section 3 is dedicated to prove Theorem 1.
2. A uniqueness theorem in a half-space
We dedicate this section to prove a uniqueness theorem for a problem
related to (1.1) in a half-space D = {x ∈ RN : x1 > 0}, where for
x ∈ RN we write x = (x1 , x0 ). That is, we consider
½
u
∆p u = Q0 x−γ
in D,
1 e
(2.1)
u = +∞
on ∂D.
where Q0 > 0 and γ < p. The semilinear version p = 2 of this problem
was analyzed in [5], but with a proof that does not seem to generalize
to p 6= 2, since linearity was an essential ingredient. There are also
corresponding versions when the nonlinearity eu is replaced by uq , q >
p − 1 (see [18] when p 6= 2 and [5] for p = 2).
There is however a fundamental difference between the problem with
an exponential and the one with a power. In the latter, every solution
(positive by definition) verifies a growth condition which is inherent to
the nonlinearity, and this leads to uniqueness, while in the former this
is not so. Namely, it is easily seen that when p = 2, Q0 = 1 and γ = 0
uλ (x) = log(2λ2 ) + λx1 − 2 log(eλx1 − 1),
is a solution to (2.1) for arbitrary λ > 0, and thus uniqueness is lost.
We can however recover the uniqueness of the solution if we impose
an additional growth condition, which is exactly the one needed for
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proving boundary estimates in the next section. Thus we are only
considering solutions which verify
(2.2)

− (p − γ) log x1 + C1 ≤ u ≤ −(p − γ) log x1 + C2

in D,

for some constants C1 , C2 . With this further requirement, we show that
the solution coincides with the only one-dimensional solution which
has the growth specified in (2.2). We mention in passing that the onedimensional version of (2.1) can be dealt with as in Lemma 4 of [18].
1,p
Theorem 2. Let Q0 > 0, γ < p and u ∈ Wloc
(D) a weak solution to
(2.1) verifying (2.2) for some constants C1 , C2 . Then
µ
¶
(p − 1)(p − γ)p−1
(2.3)
u(x) = −(p − γ) log x1 + log
.
Q0

Proof. We only prove that u(x) ≤ −(p − γ) log x1 + B, where B =
log((p − 1)(p − γ)p−1 /Q0 ), since the other inequality can be shown in
the same way. Let
K = sup(u(x) + (p − γ) log x1 ),
x∈D

which is finite thanks to (2.2). We may assume K ≥ B, since otherwise
there is nothing to prove. In that case, it is not hard to see that
u
u(x) = −(p − γ) log x1 + K is a supersolution to ∆p u = Q0 x−γ
1 e in D.
According to the definition of K, there exists a sequence {xn } ⊂ D
such that u(xn ) + (p − γ) log(xn )1 → K, where (xn )1 stands for the first
component of xn . Let ξn be the projection of xn onto ∂Ω, and define
Un (y) = u(ξn + (xn )1 y) + (p − γ) log(xn )1 ,

y ∈ D.

Q0 y1−γ eUn

Then ∆p Un =
in D, while thanks to (2.2) we have Un (y) ≤
u(y). Notice that also Un (y) ≥ −(p−γ) log y1 +C1 , so that the sequence
{Un } is locally uniformly bounded in D. Thanks to the C 1,α interior
estimates for the p-Laplacian provided by [12], [26] or [37], we obtain
1
that {Un } is precompact in Cloc
(D), and passing to a subsequence we
1
may assume that Un → U in Cloc (D), which will be a weak solution to
∆p U = Q0 y1−γ eU in D, verifying
U ≤ u,

U (e1 ) = K = u(e1 ).

Since U is a solution and u a supersolution, we obtain thanks to the
strong comparison principle (see Proposition 3.3.2 in [36] or Theorem
1.4 in [9]) that U ≡ u in a neighborhood of e1 . Observe that ∇u 6= 0,
so that the comparison principle can be applied.
Thus u is not only a supersolution but a solution in a neighborhood
of e1 , and this implies that actually K = B, that is
u(x) ≤ −(p − γ) log x1 + B.
As has been already observed, the lower inequality is proved similarly.
This concludes the proof.
¤
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3. Proof of Theorem 1
In this section, we are proving the three aspects covered by Theorem 1: existence, boundary behavior and uniqueness of solutions to
(1.1). We begin by recalling a result which is contained in [18], and
is a generalization of an existence theorem in [21]. It will turn out
to be important in the proof of existence of solutions, and also when
obtaining lower bounds for the solutions near the boundary.
−γ
Lemma 3. Let f ∈ L∞
for some M > 0
loc (Ω) be such that |f | ≤ M d
and γ ∈ (1, p). Then the problem
½
−∆p u = f
in Ω
(3.1)
u=0
on ∂Ω
1,p
1,η
has a unique weak solution u ∈ Wloc
(Ω) ∩ Cloc
(Ω) ∩ C(Ω) for some
η ∈ (0, 1). Moreover, there exists a positive constant C not depending
on f such that

(3.2)

1

p−γ

|u| ≤ CM p−1 d p−1

in Ω.

We observe that the existence and uniqueness issues in Lemma 3 are
still valid even if 0 < γ ≤ 1, since |f | ≤ M d−γ implies |f | ≤ M 0 d−θ
for every θ > γ. In that case, the growth control (3.2) is no longer the
optimal one, but this will suffice for our purposes here.
Proof of existence. We claim that the problem with finite datum
½
∆p u = a(x)eu
in Ω,
(3.3)
u=n
on ∂Ω,
has a unique solution for every positive integer n. We first assume
that the weight a(x) is bounded. In that case, it is easily seen that
u = n is a psupersolution,
while a subsolution is given by the function
p
u = C(|x| p−1 − R p−1 ), where C > 0 is large enough and R is chosen to
1

1

p−1
have |x| < R in Ω (C ≥ (p − 1)|a|∞
/(pN p−1 ) will suffice). Then the
existence of solution follows. The uniqueness is a consequence of the
comparison principle.
The above shows that problem (3.3) has a unique solution when
γ ≤ 0. If γ > 0, then a is unbounded, and we truncate the weight as
follows: define
 µ
¶−1

1
1

+
x∈Ω
a(x) k
ak (x) =


k,
x ∈ ∂Ω.

Then ak ∈ C(Ω), while ak is increasing in k and ak (x) ≤ a(x) ≤
Cd(x)−γ , for some positive constant C. Moreover, ak → a uniformly
in compacts of Ω.
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Now we consider the truncated problem
½
∆p u = ak (x)eu
in Ω,
on ∂Ω,
u=n
which has a unique solution by the preceding discussion. Let us denote
the solution by uk,n . According to standard regularity (cf. [12], [37],
[26]), uk,n ∈ C 1,η (Ω) for some η ∈ (0, 1). Moreover, notice that since
ak is increasing then un,k is decreasing in k for every fixed n. We now
prove that uk,n is bounded from below for fixed n.
Let φ be the unique solution to
½
−∆p φ = Cen d(x)−γ
in Ω,
(3.4)
φ=0
on ∂Ω,
which exists thanks to Lemma 3 and the remarks after it (notice that
φ depends on n, but we are omitting this dependence, which will be
of no importance in what follows). The function φ is positive by the
maximum principle.
Since n − φ satisfies
∆p (n − φ) = Cen d(x)−γ ≥ ak (x)en−φ
in Ω while n − φ = n on ∂Ω, we obtain thanks to the comparison
principle that uk,n ≥ n − φ in Ω. It is thus standard to conclude that
1
uk,n → un in Cloc
(Ω), where un is a weak solution to (3.3).
Thus (3.3) has a solution un in both cases γ ≤ 0 and γ > 0. The
uniqueness of un is a consequence once more of the comparison principle. Moreover, uniqueness also implies that the sequence {un } is
increasing.
Finally we need to obtain bounds for the solutions un . Since a > 0
in Ω, it follows that a ≥ a0 > 0 in Ω0 for every smooth subset Ω0 ⊂⊂ Ω.
Thus
∆p un ≥ a0 eun
in Ω0 ,
and it follows that un ≤ U , where U is the minimal solution to ∆p U =
a0 eU in Ω0 with U = +∞ on ∂Ω0 (cf. [31]). This shows that the
sequence {un } is locally uniformly bounded, and then it is standard to
1
pass to the limit and obtain that un → u in Cloc
(Ω), where the function
u
u is a solution to ∆p u = a(x)e in Ω, and u = +∞ on ∂Ω. Thus we
have shown the existence of a solution u to (1.1), which by standard
1,η
regularity verifies u ∈ Cloc
(Ω) for some η ∈ (0, 1).
¤
Before obtaining the boundary behavior of solutions, we need some
preliminary estimates, which confirm somehow that the growth of the
solutions is actually the one stated in (1.3) (see [5], [17], [18] and [20]
for related results).
Lemma 4. Let u be a weak solution to (1.1) and x0 ∈ ∂Ω. Then there
exists a neighborhood U of x0 and constants C1 , C2 such that
(3.5)

− (p − γ) log d(x) + C1 ≤ u(x) ≤ −(p − γ) log d(x) + C2
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in U.
Proof. For fixed x ∈ Ω we define v(y) = u(x + d(x)y) + (p − γ) log d(x),
where y ∈ B1 (0), the unit ball. Then v verifies
∆p v = d(x)γ a(x + d(x)y)ev

in B1 (0).

Since
a(x + d(x)y) ≥ Cd(x + d(x)y)−γ ≥ Cd(x)−γ
for x near x0 , we obtain ∆p v ≥ Cev in B1 (0), and thus v ≤ V , the
unique solution to ∆p V = CeV in B1 (0) with V = +∞ on ∂B1 (0) (we
are using the letter C to denote positive constants, not necessarily the
same everywhere). Making y = 0 we arrive at
(3.6)

u(x) ≤ −(p − γ) log d(x) + V (0),

which is the upper inequality in (3.5).
The lower inequality can not be obtained as in [18], since the solution
v needs not be positive. Thus we proceed differently, by arguing as in
[5] with the aid of Lemma 3.
Let u = −α log w for some α > 0 to be chosen. Then the function w
is a weak solution to

p
 −∆ w + (p − 1) |∇w| = 1 a(x)wp−1−α
in Ω
p
w
αp−1

w=0
on ∂Ω.
On the other hand, thanks to (3.6) we know that w ≥ Cd
positive constant C. Thus if α > p − 1 we have
(3.7)

− ∆p w ≤ Cd(x)−γ+

(p−1−α)(p−γ)
α

= Cd(x)

(p−1)(p−γ)
−p
α

p−γ
α

for some
in Ω.

If we denote θ = p − (p−1)(p−γ)
, we notice that α can be chosen large
α
enough to have θ ∈ (1, p), and thus the problem
½
−∆p φ = Cd(x)−θ
in Ω
φ=0
on ∂Ω.
admits a unique positive solution φ thanks to Lemma 3. Moreover,
p−θ
φ ≤ Cd p−1 in Ω.
Using (3.7) and the comparison principle, we obtain that w ≤ Cφ ≤
p−γ
Cd α , which, after returning to the original function u, provides with
u(x) ≥ −(p − γ) log d(x) + C, the lower inequality in (3.5). This concludes the proof.
¤
We now prove the behavior (1.3). We perform a local analysis of the
solutions near a boundary point, rather similar to the one employed in
the proof of Theorem 2. Inequalities (3.5) are important for this aim.
Proof of estimates (1.3). Let x0 ∈ ∂Ω. By a translation and a rotation
we can always assume that x0 = 0 and ν(x0 ) = −e1 , where e1 is the
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first vector in the canonical basis of RN . Let {xn } ⊂ Ω be an arbitrary
sequence with xn → 0, and denote by ξn the projection of xn onto ∂Ω.
Set dn = d(xn ), and define the function
vn (y) = u(ξn + dn y) + (p − γ) log dn
for y ∈ Ωn := {y ∈ RN : ξn + dn y ∈ U}, where U is the neighborhood
of x0 = 0 given by Lemma 4. Remark that Ωn → D as n → ∞. Now
the function vn verifies
(3.8)

∆p vn = dγn a(ξn + dn y)evn

in Ωn .

Notice that d(ξn + dn y) ∼ dn y1 , and thus we obtain that
dγn a(ξn + dn y) → Q0 y1−γ ,
where Q0 = Q(0).
Lemma 4 gives us the necessary estimates to pass to the limit in
(3.8). There exist constants C1 , C2 such that
(3.9)
µ
¶
µ
¶
dn
dn
(p − γ) log
+ C1 ≤ vn ≤ (p − γ) log
+ C2 .
d(ξn + dn y)
d(ξn + dn y)
The terms with the logarithm in (3.9) converge to −(p − γ) log y1 as
n → ∞, and thus we obtain that the sequence vn is uniformly bounded
in compacts of D, which in particular entails that the sequence {vn } is
1
1
precompact in Cloc
(D). Thus we may assume that vn → v in Cloc
(D).
Passing to the limit in (3.8), we obtain that v verifies
½
∆p v = Q0 y1−γ0 ev
in D,
v = +∞
on ∂D
and
−(p − γ) log y1 + C1 ≤ v ≤ −(p − γ) log y1 + C2 .
Using Theorem 2, we know that
µ
¶
(p − 1)(p − γ)p−1
v(y) = −(p − γ) log y1 + log
,
Q0
and setting y = e1 we arrive at
µ
¶
(p − 1)(p − γ)p−1
u(xn ) + (p − γ) log d(xn ) → log
,
Q0
as was to be shown. Since the sequence {xn } is arbitrary, the proof is
concluded.
¤
We finally consider uniqueness.
Proof of uniqueness. Let u, v be weak solutions to (1.1) and choose
ε > 0. Consider the set Ωε = {x ∈ Ω : u(x) > v(x) + ε} and assume
it is nonempty. Since, thanks to estimates (1.3) we have
(3.10)

lim (u(x) − v(x)) = 0

x→x0
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for every x0 ∈ ∂Ω, it follows that Ωε ⊂⊂ Ω and thus u = v + ε on ∂Ωε .
On the other hand,
∆p u = a(x)eu > a(x)ev+ε > a(x)ev = ∆p (v + ε)
in Ωε , and by the comparison principle u ≤ v + ε in Ωε , which is
impossible. Thus Ωε is empty, and then u ≤ v + ε. Letting ε → 0
we obtain u ≤ v and the symmetric argument shows that u = v.
Uniqueness is proved.
¤
Remark 2. An alternative proof of uniqueness is possible, which makes
use of inequalities (3.5) given by Lemma 4. Indeed, since u, v are
bounded from below, we can select K > 0 so that ũ = u + K, ṽ = v + K
are greater than p − 1 in Ω. Moreover, ũ and ṽ are solutions to
½
∆p u = ã(x)eu
in Ω,
u = +∞
on ∂Ω,
where ã(x) = a(x)e−K verifies the same assumptions as a, with Q
replaced by e−K Q. On the other hand, notice that (3.5) implies that
ũ, ṽ verify
ũ(x)
→1
ṽ(x)
as d(x) → 0+. In particular, for every ε > 0, there exists δ > 0 such
that (1 − ε)ṽ ≤ ũ ≤ (1 + ε)ṽ in Ωδ := {x ∈ Ω : d(x) < δ}. Consider
the problem
½
∆p w = ã(x)ew
in Ω \ Ωδ ,
(3.11)
w = ũ
on ∂(Ω \ Ωδ ),
which has w = ũ as unique solution, thanks to the comparison principle.
In addition, since the function ew /wp−1 is increasing when w > p − 1,
it can be easily checked that (1 − ε)ṽ and (1 + ε)ṽ are a sub- and a
supersolution to (3.11), and thus uniqueness implies that (1 − ε)ṽ ≤
ũ ≤ (1 + ε)ṽ in Ω \ Ωδ .
As a conclusion, (1 − ε)ṽ ≤ ũ ≤ (1 + ε)ṽ in Ω, and letting ε → 0 we
find ũ = ṽ, that is, u = v.
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